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Experience from climate policy suggests that full cooperation among all countries is not a likely outcome.

In this paper we therefore consider the case where only members of a subgroup of countries cooperate by

reciprocally matching their public good contributions. In a two-stage game, matching rates are set at

stage 1 then national contributions are chosen at stage 2. In the case of small coalitions, negative matching

may result in the subgame-perfect equilibrium that decreases global public good provision and outsiders’

welfare. Moreover, a growing number of countries may paradoxically entail a reduction of equilibrium

public good supply.

INTRODUCTION

International cooperation is a prerequisite for the attainment of an efficient outcome in
the presence of global public goods. However, international negotiations suffer from
divergent national interests, different conceptions of fair burden or effort sharing, and a
lack of trust between the negotiating countries. Such obstacles are regularly observed in
negotiations in various contexts such as international trade agreements, regulation of
financial markets, development aid and international environmental protection.

A prominent example for the limited success of international negotiations is climate
change policy. Up to now, negotiators have been unable to achieve a global agreement
following the Kyoto Protocol. A ‘grand coalition’ that credibly commits all polluting
parties to domestic emission reductions is out of sight. As a precursor of a global agree-
ment to be reached by 2020, only a rather informal ‘road map’ has been agreed on at the
Conference of Parties in Durban 2011, which casts serious doubts on the prospects of a
top-down approach in future global climate policy. In practice, a bottom-up approach
that is based on international agreements among subgroups of like-minded countries—
e.g. the EU member countries—seems likely to be the more realistic perspective.1

In this paper we analyse the outcomes of international cooperation in the provision
of a global public good like climate protection in which the set of countries participating
in an international environmental agreement is of only limited extent. Buchholz et al.
(1998) show that offsetting or ‘crowding-out’ behaviour of the outsiders will weaken
incentives to cooperate and to form a coalition when the group of ‘willing’ countries is
of limited size. In contrast, Vicary (2012) recently found conditions under which even a
small group of agents can gain from unilaterally forming a coalition. Neither paper,
however, refers to explicit equilibrium concepts that permit inferring the optimal design
of collective action within some cooperating coalition. In this paper, a full treatment of
equilibrium solutions is given by linking the partial cooperation issue with the matching
approach that has gained considerable attention in public economic theory.

Matching mechanisms have been considered in different fields of economics for a
long time. So in the theory of fiscal federalism, matching grants flowing from the central

© 2014 The London School of Economics and Political Science. Published by Blackwell Publishing, 9600 Garsington Road,

Oxford OX4 2DQ, UK and 350 Main St, Malden, MA 02148, USA

Economica (2014) 81, 205–223

doi:10.1111/ecca.12074



government to lower-level jurisdictions serve as a standard instrument for internalizing
interregional spillovers (see Oates (1972) as the classical reference).2 In public good
theory, matching mechanisms that aim to improve efficiency of public good supply were
first suggested by Guttman (1978, 1987) and have since been refined in various ways by
many authors.3 Barrett (1990), Falkinger et al. (1996), R€ubbelke (2006), and Boadway
et al. (2007, 2011) have applied matching particularly in the context of global environ-
mental protection as an outstanding example of a global public good.

The basic idea underlying the matching approach is that the public good contribu-
tions of an agent, i.e. of a country in this paper, are subsidized by other agents. This
reduces the cost to this agent of providing an additional unit of the public good and thus
increases her incentives to contribute when matching rates are positive. But our model
allows matching rates also to become negative, which means that the public good provi-
sion of a coalition is penalized within this group of countries, e.g. through a subsidy on
fossil fuel use. Negative matching raises the individual marginal cost of public good
provision, thus leading the coalition to reduce its collective contribution to the public
good. In the strategic context considered here, this may benefit the coalition members by
provoking a higher contribution from the non-members, on which the coalition then is
able to take a free ride.

Our analysis of matching as the instrument of partial cooperation applies the Aggre-
gative Game Approach developed by Cornes and Hartley (2003, 2007), which provides a
very convenient tool in the search for equilibrium outcomes in the context of voluntary
public good provision. In particular, we use this approach to complement the literature
on coalition formation (e.g. Carraro and Siniscalco 1993; Barrett 1994; Hoel 1992; Hoel
and Schneider 1997; Finus et al. 2005). However, we focus on the profitability of coali-
tions and not on their stability, which—as in the case without matching—has to be
secured through separate mechanisms such as issue linkage (e.g. Barrett 1997) which lie
outside of our model. But we briefly note that stability may be improved for not so small
coalitions when the effect coined as ‘harmful cooperation’ in this paper is taken into
account.4 We are also not concerned with the precise choice of domestic policy instru-
ments that each country may use to achieve its mandated matching level, which may
include domestic regulations, taxes and subsidies or carbon pricing.

We proceed as follows. Section I presents our model, in which there are two different
groups of countries. One is a coalition of like-minded cooperating countries whose mem-
bers are mutually matching their public good provision, and the other consists of outsid-
ers that—without any matching—act non-cooperatively, playing Nash against each
other and against the coalition. Section II applies the Aggregative Game Approach to
determine the Nash equilibria at the second stage of the whole two-stage game when the
matching rate within the cooperating coalition is exogenously given. Section III considers
the strategically optimal choice of the matching rate through which the coalition maxi-
mizes utility of its members at the first stage of the game. We thus find the subgame-
perfect equilibria of the two-stage game in which the matching rate is chosen at stage 1
and a Nash game in public good contributions is played at stage 2 in which the coalition
and all outsiders are the players. In Section IV, as throughout the whole paper, we illus-
trate the major results of our analysis with a simple Cobb–Douglas example. As a specific
result, we show that partial cooperation of a rather small number of countries may reduce
public good supply as compared to the conventional Nash equilibrium without matching
and in this sense it may be harmful for global environmental quality. The reason for this
rather unexpected effect is—as will be shown by our analysis—that the matching mecha-
nism works as a commitment device that helps the coalition to attain a leader position in
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the game of public good provision. Moreover, multiple equilibria may arise in which
public good supply and utility of the countries may differ extremely. Section V
concludes.

I. THE MODEL

We consider the standard public good economy of Bergstrom et al. (1986) and Cornes
and Sandler (1986), which we apply to the case of a global public good. There are n identi-
cal countries that all have the same utility function uðxi;GÞ and the same private good
endowment (‘income’) w. By xi we denote private consumption in country i = 1, …, n,
and G is the quantity of a global public good (e.g. ‘climate protection’). The utility func-
tion has the usual properties, i.e. it is strictly monotone increasing and twice continuously
differentiable in both arguments, and both the private and the public good are assumed
to be non-inferior. The technically given marginal rate of transformation between the
public and the private good, and thus the marginal costs of greenhouse gas abatement,
are assumed to be constant and can therefore be normalized to 1. Then the aggregate
budget constraint comprising the incomes of all n countries reads

G ¼
Xn
i¼1

ðw� xiÞ or Gþ
Xn
i¼1

xi ¼ nw:ð1Þ

The essential assumption of our analysis now is that the whole world is exogenously
divided into two groups. One subgroup, the coalition K, consists of k ≥ 2 cooperating
countries that jointly provide the public good. These countries may have a higher intrin-
sic ethical motivation to improve global environmental quality that is not reflected in
cost–benefit calculations and is not part of our model. Alternatively, the coalition may
have been more successful in establishing common institutions to enforce public good
contributions within the coalition. In this case of enhanced political integration between
the coalition members, the stability problems that preoccupy the literature on cooperative
public good provision are absent from the outset since it is supposed that a central
authority with some coercive power has been created. The process by which such a politi-
cal federation is formed also lies outside our analysis.

As a specific feature of our model, partial cooperation among the participants of the
coalition is portrayed through reciprocal matching of public good contributions within
the coalition. The matching approach is quite common in the theory of global public
goods. From a technical viewpoint, it helps to facilitate the analysis because it allows us
to apply the Aggregative Game Approach and thus which is able to grasp, in a direct
way, the change of the effective public good price that is implied by matching within the
coalition. In an alternative formulation of the model, one could use the level of the contri-
butions to the public good as the strategic variable on which the coalition decides. This
would leave some of the results unchanged but would alter others. This point will be
taken up later in some more detail.

The symmetric matching mechanism that underlies our analysis is characterized by
the common (positive or negative) matching rate l, and works as follows. If some
country i ∊ K has chosen gi as its basic (‘flat’) contribution to the public good, then
this expense is augmented by the other members of the coalition by lgi if l > 0. If,
however, there is negative matching with l < 0, then a coalition member’s flat contri-
bution is depleted by the other members of group K by lgi. Irrespective of whether
matching is positive or negative, the flat contribution gi of country i thus induces
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(1 + l)gi as public good contribution. The marginal rate of transformation between
the private and the public good then becomes 1 + l for each member of the coalition,
which equivalently means that each country i ∊ K is confronted with the effective
public good price q, where

q ¼ 1

1þ l
:ð2Þ

Clearly, l > 0 (< 0) implies q < 1 (< 1).
To give an example for the functioning of such a matching mechanism, suppose that

the matching rate is l = 2. If country i then gives up one unit of the private good to
directly contribute to the public good, then this sacrifice in total will provide three extra
units of the public good, two of which are indirectly contributed by the other countries in
the coalition. The effective price of the public good that this country then has to pay is
reduced to q = 1/3 through matching.

We could equally choose q or l as the variable on which the outcomes produced by a
matching scheme depend. To facilitate the exposition, throughout the paper we will use
the effective public good price q that is induced by matching for each country in K, and
will call it the ‘matching parameter’. This matching parameter coincides with the conven-
tional Lindahl price 1/k for group K when the matching rate is l = k � 1 and there are
no outsiders. This special case will be considered more closely in the next section.

Corresponding to the symmetric structure of the model, we moreover assume that the
subsidy payment lgi for country i is shared equally by the other coalition members except
country i. Therefore if (g1, …, gn) is the vector of flat contributions, total contributions
of country i amount to

zi ¼ gi þ
l
P

j2K;j6¼i gj

k� 1
;

where the second term gives the matching expenses that country i has to pay for the flat
contributions of the rest of the coalition. In a symmetric solution where the aggregate
and the flat contributions of all coalition members are identical and equal to zK and gK,
respectively, we have zK = (1 + l)gK.

Note that for a negative matching rate l < 0, national public good contributions of
coalition members are not subsidized but taxed or penalized. In the case of climate
protection, such a penalty might consist in fossil fuel support policies, like, for example, a
subsidization of fossil fuel inputs, for example through the central government of the
federation, causing additional greenhouse gas emissions. In OECD countries, among the
public fossil fuel support policies are ‘direct subsidies, intervention in markets in ways that
affect costs or prices, assumption of a part of companies’ financial risks, tax reductions or
exemptions, and under-charging for the use of government-supplied goods, services or
assets’ (OECD 2011b, p. 3).5 From the perspective of the ‘Green Paradox’ (Sinn 2008),
political measures that increase supply of fossil fuels in the coalition (e.g. through subsidi-
zation of new technologies for fossil fuel use like ‘fracking’) could also be included here.

The other subgroupM of non-cooperating outsiders consists of m = n � k ≥ 1 coun-
tries that independently play Nash. Their effective public good price is the technically
given marginal rate of transformation between the public and the private good that has
been assumed to be 1.
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II. MATCHING EQUILIBRIA

In this section we apply the Aggregative Game Approach (Cornes and Hartley 2003, 2007)
to determine public good supply ĜðqÞ at a Nash equilibrium under partial matching
(NEPM) when the effective public good price for the coalition members is changed to q
through matching. This approach relies heavily on the use of income expansion paths.
So, given preferences u(xi, G) and a public good price p, let e(G, p) be the income expan-
sion path along which the marginal rate of substitution between the public and the
private good is equal to p. We assume that these expansion paths are defined on [0, ∞)
with e(0, p) = 0, that lim G?∞e(G, p) = ∞ for any p > 0, and that lim p?∞e(G, p) = ∞ for
any G > 0. Our assumptions on utility functions imply that the income expansion paths
are continuously differentiable and strictly monotone increasing.

To give an example, consider the case of Cobb–Douglas preferences, i.e. uðxi;GÞ ¼ xai G,
where a > 0 indicates the preference intensity for the private relative to that for the
public good. For any public good price p, the income expansion path then becomes

eðG; pÞ ¼ paG:ð3Þ

With the help of income expansion paths, we can now describe three types of potential
NEPM. In these allocations, either both groups K and M (type a) or only one of these
groups (type b or type c) actively contribute to the public good.

Type a: potential interior Nash equilibria

Candidates for an interior NEPM, in which all countries in K and M make strictly posi-
tive flat contributions to the public good, are characterized by a special version of the
aggregate budget constraint (1), i.e.

GaðqÞ ¼ kðw� eðGaðqÞÞÞ þmðw� eðGaðqÞ; 1ÞÞ;ð4Þ

where Ga(q) denotes public good supply in a potential NEPM of type a (see, for example,
Cornes and Hartley (2007) for a general elaboration of the Aggregative Game Approach,
and Buchholz et al. (2011) for an application to matching). The level of the public good
as defined by (4) differs from ĜðqÞ if the true NEPM is a corner solution with zero contri-
butions from either insiders or outsiders.

Condition (4) provides the necessary condition for an interior NEPM since in this
case all coalition members face the public good price p = q as altered by matching, while
the public good price for the outsiders is still p = 1. This implies that to have an interior
NEPM, the position of each coalition member must lie on the income expansion path
e(G, q), while that of each outsider is on the income expansion path e(G, 1). Otherwise,
given the public good price with which a country inside or outside the coalition is con-
fronted, it would have an incentive either to raise or to lower its flat contribution to the
public good so that no Nash equilibrium could prevail. Then each country in K has pri-
vate consumption xaKðqÞ ¼ eðGaðqÞÞ and thus in total (through its own flat contribution
and through matching the flat contributions of the other coalition members) spends
zaKðqÞ ¼ w� xaKðqÞ for the public good. Each country in group M, however, has private
consumption xaMðqÞ ¼ eðGaðqÞ; 1Þ and contributes zaMðqÞ ¼ w� xaMðqÞ to the public
good. The aggregate contributions of both groups then make up for public good supply.
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For all income levels w > 0, existence of a public good level Ga(q) that satisfies (4)
is implied by the Intermediate Value Theorem since lim G?0e(G, p) = 0 and
lim G?∞e(G, p) =∞ for any effective public good price p. Uniqueness is ensured by the
strict monotonicity of the income expansion paths, which follows from strict normality
of the underlying preferences.

For q = 1, equation (4) characterizes the standard Nash equilibrium with voluntary
public good provision as a special case where utility uað1Þ ¼ uaKð1Þ ¼ uaMð1Þ is the same
for insiders and outsiders.

To infer how a change of the matching parameter q alters an allocation of type a, we
use Figure 1, whose right (left) part describes the position of a coalition member (an out-
sider). In this diagram, a reduction of q (from q 0 to q 00) implies that the income expansion
path of a coalition member rotates upwards while the income expansion path of an out-
sider remains unchanged. Observing the aggregate budget constraint (4), it follows that
the new position of an outsider after the fall of q must lie to the left of the old one, i.e.
public good supply and private consumption of an outsider both increase. Otherwise,
Ga(q00) < Ga(q′) and thus xaMðq00Þ\xaMðq0Þ and xaKðq00Þ\xaKðq0Þ (by the shift of the income
expansion path) would imply Gaðq0Þ þ kxaKðq00Þ þmxaMðq00Þ\ðkþmÞw. It is then a fur-
ther implication of the budget constraint that private consumption of a coalition member
must decrease.

These comparative statics results are summarized in the following proposition.

Proposition 1 Public good supply Ga(q) and private consumption of the outsiders xaMðqÞ
rise, and private consumption of the coalition members xaKðqÞ falls, if the matching
parameter q in the cooperating coalition is reduced.

As a next step we analyse how utility uaKðqÞ :¼ uðxaKðqÞ;GaðqÞÞ of a coalition member
is changed by a variation of the matching parameter q. To facilitate notation, we adopt
the following abbreviations for marginal changes of income expansion paths and utility
levels as effected by a marginal change of the matching parameter:

A

B
C

A′

B ′
C ′

D ′

G

xM xK

e(G,1)

e(G, ρ′′ )

Ga( ρ′′ )

Ga( ρ′)

D

( )a
M

x ρ′′ ( )a
M

x ρ ′ ( )a
k

x ρ′′ ( )a
k

x ρ ′

e(G, ρ′ )

FIGURE 1. The effects of a changing matching parameter on a type a allocation.
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eK1ðqÞ:¼
@eðG;qÞ

@G

����
G¼GaðqÞ

[0; eK2ðqÞ:¼
@eðG;qÞ

@q

����
G¼GaðqÞ

[0;

eM1ðqÞ:¼
@eðG;1Þ

@G

����
G¼GaðqÞ

[0;

uaK1ðqÞ¼
@uðx;GÞ

@x

����
ðx;GÞ¼ðxa

K
ðqÞ;GaðqÞÞ

[0; uaK2ðlÞ¼
@uðx;GÞ

@G

����
ðx;GÞ¼ðxa

K
ðqÞ;GaðqÞÞ

[0

:

For the marginal effect of a variation of the matching parameter on the utility,
we then have

@uaKðqÞ
@q

¼ @uðeðGaðqÞ; qÞ;GaðqÞÞ
@q

¼ uaK1ðqÞ eK1ðqÞ
@GaðqÞ
@q

þ eK2ðqÞ
� �

þ uaK2ðqÞ
@GaðqÞ
@q

:

Observing that quaK1 ¼ uaK2 and applying (4), it follows that

@GaðqÞ
@q

¼ � keK2ðqÞ
1þ keK1ðqÞ þmeM1ðqÞ

:ð5Þ

Equation (5) directly implies the following result.

Proposition 2 If the matching parameter is marginally varied, then @uaKðqÞ=@q
\0ð[ 0; ¼ 0Þ if and only if

qk[ 1þmeM1ðqÞ ð\0; ¼ 0Þð6Þ

By ~qa ¼ ð1þmeM1ð~qaÞÞ=k, we denote the levels of q for which equality in (6) holds.
Clearly, maximization of utility uaKðqÞ of coalition members requires q ¼ ~qa. In the
Cobb–Douglas case—by applying (3)—condition (6) becomes

qk[ 1þma ð\0; ¼ 0Þð7Þ

Conditions (6) and (7) can be interpreted as follows. A unilateral increase of the pub-
lic good contributions of coalition K, which follows from positive matching q < 1,
induces a reduction of the contributions made by the outsider group M. This crowding-
out effect is small if the group K is large while M is small, which makes partial matching
profitable for the coalition K. If the income expansion path e(G, 1) is rather steep at
G = Ga(q), i.e. if eM1(q) is rather small, then the outsiders’ reactions to variations in
public good contributions made by the coalition are rather weak. This implies that offset-
ting by the outsiders is not too strong, which favours positive matching in the coalition.
Especially in the Cobb–Douglas case, it is a high preference for the public good, i.e. a low
level of a, which gives a steep income expansion path e(G, 1).
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In the matching context, these results reflect those in Buchholz et al. (1998). Essen-
tially, they would also hold if the coalition did not choose the level of the matching
parameter but directly chose the level of its public good contribution.

Type b: potential Nash equilibria with coalition members as the sole contributors

By Gb(q) we denote public good supply in the ‘standalone’ matching equilibrium of coali-
tion K given the matching parameter q. Applying the Aggregative Game Approach, public
good supply Gb(q) is defined by GbðqÞ þ k eðGbðqÞ; qÞ ¼ kw, which by letting m = 0
represents a special case of (4). For private consumption in such an allocation we have
xbKðqÞ ¼ eðGbðqÞ; qÞ. In an xi-G-diagram in which the position of a country in K is depicted,
the point ðxbKðqÞ;GbðqÞÞ lies on the budget line with slope � 1/q passing through (w, 0). It
is a straightforward implication of normality that public good supply Gb(q) is a decreasing
function of the matching parameter q. In allocations of type b, both public good supply
and utility of the coalition members increase when the coalition size k increases.

Applying Proposition 2 to the case m = 0 directly yields ~qbk ¼ 1 and also shows
that utility ubKðqÞ ¼ uðxbKðqÞ;GbðqÞÞ of a country in K is maximized if ~qb ¼ 1=k since
utility is increasing in q if q < 1/k and decreasing if q > 1/k. This solution is the
standalone Lindahl equilibrium for coalition K with ~qb ¼ 1=k as the Lindahl price of
each country.

Type c: potential Nash equilibria with outsiders as the sole contributors

By Gc we denote public good supply in the standard non-cooperative standalone Nash
equilibrium that would be attained by the outsider group M if the cooperating coalition
K were to contribute nothing to the public good. With help from the Aggregative Game
Approach, Gc is defined by Gc + me(Gc, 1) = mw, which is a special case of equation (4)
letting k = 0. Each outsider then has private consumption

xcM ¼ eðGc; 1Þ

and attains utility ucM ¼ uðxcM;GcÞ. The members of coalition K then have private con-
sumption xcK ¼ w, which gives them utility ucK ¼ uðw;GcÞ. In allocations of type c, which
—from their definition—are clearly independent of the level of the matching parameter
q, public good supply and utility of insiders and outsiders is increased when the number
m of outsiders grows.

Having described these three different types of potential NEPM, we now show how it
depends on the level of the matching parameter q whether the NEPM is of type a, b, or c.
To that purpose we define two threshold levels q and �q for the matching parameter q by
letting

xaMðqÞ ¼ eðGaðqÞ; 1Þ ¼ w;ð8aÞ

xaKð�qÞ ¼ eðGað�qÞ; �qÞ ¼ w:ð8bÞ

Looking at Figure 1 these threshold levels can be explained as follows. If, starting
from q = 1, the matching parameter q is reduced, then private consumption of the
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outsiders in a type a allocation increases so that their public good contribution falls.
Finally, if q has fallen to q, then the outsiders stop making positive contributions to
the public good. Conversely, if q becomes larger than q = 1, then private consumption
of the coalition members increases, and consequently their public good contributions
decrease. At q ¼ �q it is the coalition members who would no longer contribute to the
public good. Since xaMðqÞ\w may hold for all q < 1, it is possible that a strictly posi-
tive lower threshold q does not exist. For the sake of completeness we set q = 0 in this
case. (A formal proof for the existence and uniqueness of q and �q is given in online
Appendix A1.6)

Using these two threshold levels, the NEPM can now be characterized as follows. If
q lies between q and �q, then we have xaKðqÞ\w and xaMðqÞ\w, which leads to an NEPM
of type a, while xaMðqÞ[w holds for all q < q and xaKðqÞ[w for all q[ �q . At q = q all
outsiders stop to make a positive contribution to the public good in an allocation of
type a, and the NEPM then shifts from type a to type b. At q ¼ �q , however, the contri-
butions of the coalition members in the allocation of type a fall to zero, and the NEPM
shifts from type a to type c. At q = q, the type a allocation coincides with the type b allo-
cation, and for q� �q with the type c allocation, i.e. �G :¼ GaðqÞ ¼ GbðqÞ and
G: ¼ Gað�qÞ ¼ Gc:

Even though our previous considerations make these assertions quite intuitive, a pre-
cise proof is needed to show that the allocations of types a, b and c satisfy the conditions
required for an NEPM. In the following, private consumption of a coalition member in
the NEPM is denoted by x̂KðqÞ, and private consumption of an outsider is denoted by
x̂MðqÞ if the matching parameter is q.

Proposition 3

(i) If q ≤ q, then the unique NEPM is an allocation of type b with x̂KðqÞ ¼ xbKðqÞ,
x̂MðqÞ ¼ w and ĜðqÞ ¼ GbðqÞ.

(ii) If q 2 ðq; �qÞ, then the unique NEPM is an allocation of type a with x̂KðqÞ ¼ xaKðqÞ,
x̂MðqÞ ¼ xaMðqÞ and ĜðqÞ ¼ GaðqÞ.

(iii) If q ≥ q, then the unique NEPM is of type c with x̂KðqÞ ¼ w, x̂MðqÞ ¼ xc and
ĜðqÞ ¼ Gc.

Proof

(i) Let again zbKðqÞ ¼ w� xbKðqÞ denote the aggregate public good contribution (i.e.
the flat contribution plus the subsidy payments to the contributions of the other
countries) of each country in K when the matching parameter is q. Then, being
confronted with the symmetric matching mechanism, each member of the coali-
tion K will choose the flat contribution ĝKðqÞ ¼ qzbKðqÞ as its best response to zero
contributions by the outsiders to attain a position on the expansion path e(G, q).
Since q ≤ q gives GbðqÞ� �G and thus e(Gb(q), 1) ≥ w, the optimal reaction of each
outsider is to contribute nothing to the public good if the coalition provides
Gb(q). This shows that in this case an NEPM is reached in an allocation of type b.
This NEPM clearly is unique when public good contributions of the outsiders are
zero. To complete the uniqueness proof we therefore assume that there is some
other NEPM of type a or c where public good supply is Ĝ0ðqÞ and the outsiders
make a positive contribution to the public good. Then Ĝ0ðqÞ\ �G or, equivalently,
eðĜ0ðqÞ; 1Þ\w is required to induce positive contributions by the outsiders. But as
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eðĜ0ðqÞ; qÞ\eð �G; qÞ, total public contributions in this hypothetical NEPM would
even exceed �G, so the budget constraint (1) would be violated.

(ii) If q 2 ðq; �qÞ, then it follows from the monotonicity of the income expansion paths
that xaKðqÞ\w and xaMðqÞ\w. Then if each country in K chooses the public good
contribution ĝKðqÞ :¼ qzaK [ 0 (with zaKðqÞ ¼ w� xaKðqÞÞ and each country in M
chooses ĝMðqÞ :¼ zaMðqÞÞ (with zaMðqÞ ¼ w� xaMðqÞ), the insiders attain a position
on the income expansion path e(G, q) while the outsiders’ position is on e(G, 1).
Since the aggregate budget constraint is satisfied, ĝKðqÞ and ĝMðqÞ are mutually best
responses so that an interior NEPM of type a with public good supply Ga(q) and
private consumption levels xbKðqÞ and xaMðqÞ for insiders and outsiders would arise.
This is clearly the unique interior NEPM in this case. Now assume that there is an
alternative NEPM of type b in which public good supply is Ĝ0ðqÞ and only the coali-
tion contributes to the public good. Then Ĝ0ðqÞ[GaðqÞmust hold, as otherwise the
outsiders would still have an incentive to contribute to the public good. As the coali-
tion members in this NEPM were situated on e(G, q) and eðĜ0ðqÞ; qÞ[
eðGaðqÞ;qÞ ¼ xaKðqÞ holds, the contributions of coalition K would be smaller than
Ga(q), and the aggregate budget constraint (1) would be violated. The possibility
that only the outsiders contribute to the public good in an NEPM of type c can be
excluded in a similar way.

(iii) The proof is analogous to that of part (i). h

We now consider the two-stage game in which the members of the coalition coopera-
tively determine the matching rate at stage 1 and then play the non-cooperative Nash
game at stage 2.

III. SUBGAME-PERFECT EQUILIBRIA

Based on Proposition 3, we will now consider the choice of the matching parameter q
made by coalition K at stage 1 of a two-stage game. The coalition commits to this match-
ing parameter, which then determines the NEPM obtained at stage 2. At stage 1 the
coalition seeking to maximize utility of its members determines through its choice of q
where on the combined reaction curve of the non-members it would like to locate. This
strategically optimal matching rate characterizes the subgame-perfect equilibrium of the
two-stage game.

In this context we impose an additional assumption SP by which it is postulated that
the utility of the coalition members, as a function of the matching parameter q, has a sin-
gle peak in an allocation of type a. This condition is fulfilled, for example, when the coun-
tries have Cobb–Douglas preferences, but also holds in the more general case where the
slopes of the income expansion paths do not change too much when q varies (see online
Appendix A2 for details).

Condition SP. There is a unique matching parameter for which the condition
~qa ¼ ð1þmeM1ð~qaÞÞ=k is satisfied. Utility uaKðqÞ of the coalition members is strictly
monotone increasing for q\~qa and strictly monotone decreasing for q[ ~qa.

In order to determine subgame-perfect equilibria, we first compare utility of coalition
members in allocations of type a and of type b. For this auxiliary technical result it is not
important whether an allocation of type a or b will arise as the NEPM.
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Proposition 4 Given SP, the matching parameter that maximizes uaKðqÞ is greater than
the matching parameter that maximizes ubKðqÞ, i.e. ~qa [ ~qb ¼ 1=k. Moreover,
ubKðqÞ[ uaKðqÞ (\0; ¼ 0) if and only if q < q( > q, = q).

Proof The first part of the proposition follows because eM1(q) > 0 implies

~qa ¼ 1þmeM1ð~qaÞ
k

[
1

k
¼ ~qb:

Concerning the second part, we write the aggregate budget constraint for an allocation
of type a as

kxaKðqÞ þ GaðqÞ ¼ kwþmðw� xaMðqÞÞ:ð10Þ
If q < q and thus xaMðqÞ[w, then we have kxaKðqÞ þ GaðqÞ ¼ keðGaðqÞ; qÞ

þGaðqÞ\kw. Since ke(G, q) + G is increasing in G and kxbKðqÞ þ GbðqÞ ¼ keðGbðqÞ; qÞ
þGbðqÞ ¼ kw, it follows that Gb(q) > Ga(q). Consequently, xbKðqÞ ¼ eðGbðqÞ; qÞ
[ eðGaðqÞ; qÞ ¼ xaKðqÞ and thus ubKðqÞ ¼ uðxbKðqÞ;GbðqÞÞ[ uðxaKðqÞ;GaðqÞÞ ¼ uaKðqÞ.
The other parts of the assertion are proven in a similar way.h

The intuition behind the second part of this result is as follows. If q < q, then—in an
allocation of type a—the outsiders make a negative contribution to the public good at
the cost of the coalition. In an allocation of type b where the coalition stands alone, this
exploitation by the outsiders is avoided. Conversely, if q > q, then the outsiders also con-
tribute to the public good in an allocation of type a, which makes the coalition members
better off than in a standalone solution of type b.

There are three candidates for the matching parameter q* that maximizes utility of
coalition K. Either q� ¼ ~qa when an interior solution is attained at stage 2, or q* = 1/k if
only the coalition contributes to the public good, and q� ¼ �q if only the outsiders contrib-
ute to the public good. Now precise conditions for the occurrence of the different types of
Nash equilibria with partial matching will be provided. First we deal with the case in
which the coalition benefits from some positive matching and thus a marginal increase of
its public good contribution. Here, only two of the three possible solutions emerge as
subgame-perfect equilibria.

Proposition 5 Let condition SP be fulfilled and assume ~qa � 1. The strategically optimal
matching parameter q* for coalition K then is:

(i) q* = 1/k if either ~qa � q, or ~qa [ q[ 1=k and ubKð1=kÞ[ uaKð~qaÞ;
(ii) q� ¼ ~qa if either ~qa [ q[ 1=k and ubKð1=kÞ\uaKð~qaÞ, or q ≤ 1/k.

Proof If ~qa\1, then SP implies that the coalition will not want to choose a matching
parameter q > 1. Therefore we can restrict attention to matching parameters q ≤ 1. The
proof of the two parts of the proposition now is as follows.

(i) If ~q� q and since SP holds, the coalition increases utility of its members in an alloca-
tion of type a by lowering q until q is reached where the NEPM switches from type a
to type b. It follows from Proposition 4 that at q, utility ubKðqÞ must increase if q is
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further reduced, which gives q ≥ 1/k. Therefore the NEPM for q = 1/k is of type b,
which then will be chosen at stage 1. If instead ~qa � q[ 1=k, the coalition can attain

the best NEPM of type a and b, respectively. If then ubKð1=kÞ[ uaKð~qaÞ, the coalition
will also choose q* = 1/k at stage 1.

(ii) If q > 1/k, the proof is analogous to the second part of (i). If q ≤ 1/k, Proposition 4
combined with SP implies that ubkðqÞ\ubkðqÞ ¼ uakðqÞ� uakð~qaÞ holds for all q ≤ q
and thus for every attainable NEPM of type b, which proves the assertion.h

In Proposition 5, essentially three cases are distinguished. If q� ~qa, the NEPM
switches to an allocation of type b before the utility maximum in an allocation of type a
is reached. Then it is immediately clear from Proposition 5 that the optimal choice for
the coalition is q* = 1/k. If, however, ~qa [ q[ 1=k, the NEPM that give the coalition
members maximal utility among the allocations of types a and b are both attainable, and
the coalition’s optimal choice depends on the comparison between the utility levels
uaKð~qaÞ and ubKð1=kÞ. Finally, if q < 1/k, the allocation that would maximize utility of the
coalition members among all allocations of type b is not attainable. Moreover, it follows
from Proposition 4 that in all attainable allocations of type b, utility is lower than
uaKð~qaÞ, which implies q� ¼ ~qa in this case.

In the second case, ~qa [ 1, some negative matching entails a reduction of the coali-
tion’s public good contributions, which benefits the coalition members. Then all three
candidates of type a, b or c allocations may constitute the subgame-perfect equilibrium,
and harmful effects of partial cooperation may arise.

Proposition 6 Let condition SP be fulfilled, and assume ~qa [ 1. The strategically optimal
matching parameter q* for coalition K then is:

(i) q� ¼ ~qa if ~qa\�q and either uaKð~qaÞ[ ubKð1=kÞ or q ≤ 1/k;
(ii) q� ¼ �q if ~qa � �q and either ucK [ ubKð1=kÞ or q ≤ 1/k;
(iii) q* = 1/k otherwise.

Proof Condition SP implies that among all matching parameters q\ q the coalition
maximizes utility of its members in the second stage equilibrium by choosing q ¼ ~qa when
~qa � �q or by choosing q ¼ �q when ~qa [ �q . The coalition will clearly make these choices
at stage 1 when its best allocation of type b, which is reached by setting q = 1/k, can be
attained as an NEPM but utility is smaller there. In the case q < 1/k, however, it follows
from SP and Proposition 4 that in all attainable type b allocations, utility is lower,
than uaKð~qaÞ, and also smaller than ucK if �q� ~qa. This gives (i) and (ii). If 1/k < q, the opti-
mal allocation of type b can be reached, and it will be chosen when it gives the coalition
members higher utility than uaKð~qaÞ or ucK, respectively. h

There is some asymmetry between the two cases described in Propositions 5 and 6:
If ~qa\1, i.e. if the coalition would benefit from marginally positive matching, Proposi-
tion 5 says that also in the subgame-perfect equilibrium the coalition definitely will
choose a positive matching rate and will make higher contributions to the public good
than in the standard Nash equilibrium without matching. But, as seen from Proposi-
tion 6, positive matching in the subgame-perfect equilibrium, i.e. q* = 1/k, also shows up
as a possible outcome if ~qa [ 1, i.e. if marginally negative matching would be in the
interest of the coalition.
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In both cases treated in Propositions 5 and 6, multiple equilibria may arise if the
relevant utility levels coincide, e.g. if ubKð1=kÞ ¼ uaKð~qaÞ in the situation described in
Proposition 5(i).

It is a direct consequence of Proposition 1 that public good supply in a subgame-
perfect equilibrium, which results in cases (i) and (ii) of Proposition 6, is lower than in
the conventional Nash equilibrium without matching, which aggravates the underprovi-
sion problem. Then partial cooperation within coalition K is harmful from both the
perspective of global public good provision and the welfare position of non-cooperating
countries, while utility of the coalition members clearly is higher than in the Nash equi-
librium without matching. This result reminds us of a paradoxical effect described by
Hoel (1991) in a different framework: unilateral action of a country or a group of coun-
tries from which at first sight more greenhouse gas abatement should be expected may
in the end have the opposite effect, i.e. entail further environmental degradation.

If preferences and the income level are fixed, the size k of the coalition for which such
undesirable effects may result in the subgame-perfect equilibrium is limited irrespective of
the size m of the outsider group M. This is shown by the next proposition, which also
does not depend on whether ~qa � 1 or ~qa [ 1.

Proposition 7 Given a utility function u(x, G) and an income level w, there exists some
critical level k for the coalition size so that q* = 1/k for all k ≥ k and all m ≥ 1.

Proof For all m ≥ 1, public good supply in an NEPM of type a or type c is bounded
above by the level �G for which eð �G; 1Þ ¼ w holds, since otherwise the outsiders would not
contribute to the public good in a Nash equilibrium (see Andreoni (1988) for a similar
argument on conventional Nash equilibria without matching). Therefore if q > 1, then in
any NEPM of type a or type c, utility of a coalition member will be smaller than uðw; �GÞ.
Now choose some k ≥ 2 for which ubð1=kÞ[ uðw; �GÞ holds. This condition is clearly ful-
filled if the budget line through (w, 0) with slope - 1/k intersects the indifference curve
through ðw; �GÞ. For any k ≥ k and all m ≥ 1, then Gbð1=kÞ[ �G ¼ GbðqÞ Hence 1/k < q
and q* = 1/k. h

Note that harmful effects of partial cooperation do not occur if—in a one-stage game
—the countries in coalition K played Nash against the outsiders by collectively choosing
their public good contributions. For an explanation, assume that GM are the aggregate
public good contributions made by the outsiders. By gr(GM) we denote the public good
contribution of each country in K when all coalition members react in an isolated and
identical manner to GM, and by ~grKðGMÞ the individual contribution of a country in the
coalition if the coalition collectively determines its optimal response with identical contri-
butions of all of its members. Clearly,

grðGMÞ ¼ argmax
g� 0

uðw� g;GM þ gÞ

~grKðGMÞ ¼ argmax
g� 0

uðw� g;GM þ kgÞ:

By applying the Aggregative Game Approach again, it can be demonstrated
that ~grKðGMÞ� grðGMÞ holds for all GM > 0 and that public good supply in the Nash
equilibrium with partial cooperation cannot be less than public good supply in the
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standard non-cooperative Nash equilibrium. Thus harmful cooperation is avoided if
the coalition members use public good contributions as strategic variables.

The reason for the difference between these two instruments of cooperation is that
internal matching acts as a kind of commitment device for the coalition, which puts the
coalition in the position of a Stackelberg leader.7 That commitment may generate a stra-
tegic advantage is a well-known possibility in the industrial organization literature,
where, for example, it is described how firms can improve their position in oligopolistic
competition by committing to certain technologies (see, for example, Dixit 1980), and it
has also been dealt with in other fields of public good theory (see, for example, Beccherle
and Tirole 2011). In our context this commitment effect also implies that the coalition
would prefer a matching mechanism over a collective decision on public good contribu-
tions. Even though determination of the levels of public good contributions might seem
to be a more direct and simpler form of partial cooperation, it entails a strategic
disadvantage for the coalition.

Harmful cooperation also may have consequences for the stability of coalitions. Con-
sider first the case of harmful cooperation treated in Proposition 6(ii), where
ucK ¼ uðw;GcÞ[ uað1Þ [ uðxcM;GcÞ ¼ ucM and uað1Þ ð¼ uaKð1Þ ¼ uaMð1ÞÞ again denotes
utility of all countries in the Nash equilibrium without matching. After a country has left
the original coalition, the NEPM continues to be of type c. On the one hand, Gc and thus
utility of a coalition member in a type c allocation increase when the outsider group
becomes larger. On the other hand, in an allocation of type b, which would be the alter-
native choice for the coalition, utility of a coalition member is reduced when the coalition
becomes smaller. In the new NEPM of type c, the deviating country attains a utility level
that lies below ua(1) and is thus lower than its utility as a member of the former coalition.
Therefore any coalition that brings about harmful cooperation is internally stable—
which is a rather unwelcome stability result.

But the threat of harmful cooperation also may, under certain circumstances, improve
the stability of beneficial coalitions. The reason is that a coalition that has chosen positive
matching in the initial NEPM may be induced to shift to the harmful strategy when one
country leaves. Then the deviating country would attain a utility level as an outsider that
is smaller than the level in the Nash equilibrium without matching and hence also smaller
than its utility as a coalition member in the original NEPM. Anticipating this decline in
utility will deter any member of the original coalition from leaving, which ensures internal
stability.

This effect of harmful cooperation that—unlike the standard case—might also stabi-
lize comparatively large coalitions deserves some further analysis; however, that lies
outside the scope of this paper.8 An example in which the threat of harmful cooperation
is able to stabilize a coalition of size k = 11 in the public good framework is provided in
the online Appendix.

IV. THE COBB–DOUGLAS EXAMPLE

The general results obtained in the previous section will now be illustrated for the Cobb–
Douglas case, where uðxi;GÞ ¼ xai G. In the allocations of types a, b and c, the coalition
members then attain the utility levels

uaKðqÞ ¼ ðqaÞa ðkþmÞw
ðkqþmÞaþ 1

� �aþ1

;ð9Þ
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ubKðqÞ ¼ ðqaÞa kw

kqaþ 1

� �aþ1

;ð10Þ

ucK ¼ mwaþ1

maþ 1
:ð11Þ

These utility levels, which will be used throughout our treatment of the Cobb–
Douglas example, are calculated in online Appendix A3. Applying conditions (8a)
and (8b) to the Cobb–Douglas case gives the threshold levels q = 1 - 1/ka and
�q ¼ 1þ 1=ma.

To determine the subgame-perfect equilibria, we must—as in Propositions 5 and
6—consider the two cases ~qa � 1 and ~qa [ 1 separately. Observing (7), these conditions
boil down to k ≥ ma + 1 and k < ma + 1 in the Cobb–Douglas case. (For details, see
online Appendix A4.)

Case 1. If k ≥ ma + 1, it follows from Proposition 5 that the subgame-perfect equilib-
rium is given by either q� ¼ ~qa ¼ ðmaþ 1Þ=k or q* = 1/k.

An intricate analysis in the online Appendix shows that in the case a ≥ 1, i.e. when
private consumption weighs not less in utility than the public good, q* = 1/k always
holds. If, however, a < 1, it is possible that q� ¼ ~qa, which results if q\~qa (or equiva-
lently k < ma + 1 + 1/a) holds and ubKð1=kÞ\uaKð~qaÞ (which follows from comparing the
expressions in (9) and (10)).

Case 2. If k < ma + 1, then it follows from Proposition 6 that q� ¼ ~qa ¼ ðmaþ 1Þ=k,
q* = 1 + 1/ma or q* = 1/k.

Among all q > 1, the coalition will prefer q ¼ ~qa ¼ ðmaþ 1Þ=k if ~qa\�q , or equiva-
lently k > ma, and q ¼ �q ¼ 1þ 1=ma if k ≤ ma. If then—as given by a comparison
between (9), (10) and (11)—either uaKð~qaÞ or uKc exceeds ubKð1=kÞ, harmful cooperation
will occur in the subgame-perfect equilibrium.

Harmful cooperation with q� ¼ �q ¼ 1þ 1=ma arises, for example, if a = 1, k = 2 and
m ≥ 3. But—as shown in the online Appendix—q� ¼ �q is possible only if the coalition
has no more than three members while the number of outsiders may be very large and
even go to infinity.

Unlike Case 1, the interior outcome q� ¼ ~qa ¼ ðmaþ 1Þ=k now can also result even if
a > 1. This is shown by the example a = 1.1, k = 2 and m = 1, where q* = (1.1 + 1)/2
= 1.05. The possibility of having q� ¼ ~qa is, however, quite restricted since it requires
k ≤ 3 andm ≤ 2 (see again the online Appendix).

Further interesting observations are made by looking more closely at the specific
example with a = 1 and k = 3. Here, the matching parameter which characterizes the
subgame-perfect equilibrium is made dependent on the number m of outsiders and is
denoted by q*(m).

If m = 1 or m = 2, we are in the situation described by Case 1 and
q�ð1Þ ¼ q�ð2Þ ¼ 1

3 :The NEPM is of type b with Gbð13Þ ¼ 3
2w[w, xbKð13Þ ¼ 1

2w, x
b
Mð13Þ ¼ w

and ubKð13Þ ¼ 3
4w

2.
For any m ≥ 3, however, we are in the situation of Case 2. If, specifically, m = 3 by

choosing ~qa ¼ �q ¼ 4
3, the coalition attains an allocation of type c with Gc ¼ 3

4w,
xcKð43Þ ¼ w, xcMð43Þ ¼ 3

4w and ucKð43Þ ¼ 4
3w

2. Hence the coalition is indifferent between choos-
ing q ¼ 4

3 leading to an allocation of type c, and q ¼ 1
3 leading to an allocation of type b.

This gives rise to multiple subgame-perfect equilibria: On the one hand there is a ‘good’
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equilibrium with q�ð3Þ ¼ 1
3 where public good supply and utility of outsiders are higher

than in the conventional Nash equilibrium without matching, while on the other hand
there is a ‘bad’ equilibrium with q�ð3Þ ¼ 4

3 where partial cooperation is harmful and
public good supply and utility of the outsiders are lower than in the conventional Nash
equilibrium.

If m > 3, we have q�ðmÞ ¼ �q ¼ ðmþ 1Þ=m. Public good supply in the subgame-
perfect equilibrium then is Gc = mw/(m + 1) < w. Now assume that initially there are
m = 1 or m = 2 outsiders. If the number of outsiders then jumps to any m ≥ 2, the level
of public good supply in the subgame-perfect equilibrium falls from Gbð13Þ ¼ 3

2w to a level
below w. This effect is against intuition, which suggests that increasing the size of a public
good economy will automatically raise public good supply. It is the strategic effect coined
as harmful partial cooperation that is responsible for this paradoxical effect.

V. CONCLUSIONS

In this paper we have in a two-stage public good game investigated the implications
of partial cooperation for the provision of global public goods. In this context we
have added three novel elements to the existing contributions. So we have done the
following.

• We considered matching mechanisms as the instrument for cooperation within a coali-
tion of like-minded countries. Matching is by now seen to be a potentially appealing
way to improve the level of international environmental protection and generates a
strategic advantage for the coalition as compared to the simpler strategy of fixing con-
tribution levels.

• We applied the Aggregative Game Approach to characterize matching equilibria in flat
contributions at the second stage of the game. Thereby we linked the theory of coali-
tion formation with some recent developments in public good theory.

• We explored the coalition’s optimal strategy for setting the matching rate at a first
stage, paying special attention to corner solutions at the second stage where either the
outsiders or the coalition members do not contribute to the public good.

In particular, we have shown that the two types of corner solution are of a very differ-
ent quality. If only the coalition contributes to the public good, then partial cooperation
generates a Pareto improvement as compared to the standard voluntary provision equi-
librium: public good supply and utility of all countries are increased. If, however, only
the outsiders contribute in the subgame-perfect equilibrium, then partial cooperation has
harmful effects: although the utility of coalition members is increased, public good supply
and utility of the outsiders fall as compared to the standard Nash equilibrium without
matching. In the context of global warming, the coalition lowers its public good contribu-
tion (by increasing greenhouse gas emission through subsidization of fossil fuels) in order
to induce the outsiders to increase their contributions. This result provides some caveat
against the commonly shared belief that any form of international cooperation will be
beneficial for climate protection and global environmental quality.

Depending on the specific circumstances, it is possible that the cooperating coalition’s
strategically optimal choice of the matching parameter at the first stage of the game steers
the economy into either of these two corner solutions. Harmful partial cooperation thus
may occur in the subgame-perfect equilibrium.

Further results of our analysis, which we have demonstrated through examples in
the Cobb–Douglas case, are that multiple subgame-perfect equilibria may arise and
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that—paradoxically—public good supply in the subgame-perfect equilibrium may
decrease when the number of countries is increasing.

Moreover, it is precisely the presence of a small coalition that generates the unfavour-
able outcome. So in the Cobb–Douglas example when the private good is valued higher
than the public good, the harmful effect is definitely excluded as soon as the coalition size
exceeds 3. This might provide an additional reason why, even if—in the spirit of the
bottom-up approach—pragmatic reasons motivate a particular interest in partial cooper-
ation among a small number of countries, it is still important to keep in mind the possibil-
ities afforded by larger coalitions. It is solely large coalitions that definitely avoid
the harmful effects of cooperation and ensure a Pareto improvement over the standard
voluntary provision equilibrium.
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NOTES

1. With respect to international environmental agreements, Finus and Tjøtta (2003) find that grand
coalitions do not necessarily bring about the social optimum, and recommend analysing the formation of
subcoalitions.

2. With some reference to public good theory and matching, see also the more recent review of the literature on
fiscal federalism in Oates (2005). An application to international public goods is in Buchholz et al. (2013).

3. See Boadway et al. (1989), Danziger and Schnytzer (1991), Althammer and Buchholz (1993), Varian (1994),
Andreoni and Bergstrom (1996), Falkinger (1996), Kirchsteiger and Puppe (1997), Falkinger and Brunner
(1999), and Buchholz et al. (2011, 2012).

4. For a general treatment of this phenomenon without any reference to the standard public good model, see
Beaudry et al. (2000).

5. In a recent study, the OECD has identified more than 250 individual mechanisms that effectively support fos-
sil fuel production or consumption in the considered 24 OECD countries (OECD 2011a, p. 3).

6. Details of the online Appendix are available from the authors on request.
7. For some general treatment of the differences between the Nash and the Stackelberg scenarios, see Mallozzi

and Tijs (2012).
8. See Eichner and Pethig (2013) for a treatment of this issue in a Stackelberg model that incorporates interna-

tional trade.
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