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CHAPTER 2

Soldiers of fortune?

Theodore Bergstrom

1 Recruiting an army for a homogeneous country

A The fortunes of soldiers in the absence of private lotteries
or insurance

Imagine a country where all N citizens have the same tastes and abilities.
There is just one consumption good, bread. To defend itself, this country
must raise an army of A soldiers. The other N— A citizens are farmers
who produce a total of W units of bread. Farmers are taxed to pay the
soldiers. Let w, be the wage rate paid to soldiers and w, be the amount
of bread left to each farmer after taxes. The net wages, w, and wp, must
satisfy the social feasibility constraint

Aw,+ (N=A)ywe=W. _ (1.1)
Equivalently, if we define # =A/N and w= W/N,
W+ (1 =T)Wwe=Ww. (1.2)

We will call (w,, w.) a feasible wage structure if (1.2) is satisfied.

Being a soldier is unpleasant and dangerous. If soldiers and farmers
were paid the same wage, everyone would want to be a farmer. The coun-
try could offer high enough wages to soldiers to attract a volunteer army or
it could select its army by lottery. A fair draft lottery would give everyone
the same probability ¥ = A/N of being drafted. For an arbitrarily chosen

I am grateful for helpful comments and encouragement from Sherwin Rosen of the Uni-
versity of Chicago, P. Srinagesh of the University of Illinois, Chicago Circle, Dan Usher of
Queens University, and my colleagues Paul Courant, John Cross, George Johnson, Richard
Porter, and Hal Varian at Michigan. I am especially grateful to Oliver Hart of the London
School of Economics, whose insightful criticism of an earlier (1982) version of this essay
has led me to new and, I think, more interesting results. Of course, none of these scholars
should be implicated in any unpopular views or false statements found herein.
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feasible wage structure, citizens will not be indifferent about whether or
not they are selected for the army. But since everyone faces the same
probability of being drafted, they will all have the same ex ante expected
utility.

Let us assume that each citizen is an expected utility maximizer with
a utility function

U, cqs cp) = Tt (c) + (1 — ) up(cp), (1.3)

L \ (S

where 7 is the probability that he will be in the army, c, and ¢ are the
amounts of bread that he would consume in the army and on the farm,
and u4(c,) and u(cg) are smooth, increasing, strictly concave functions.
In the absence of private lottery arrangements and insurance markets, it
would have to be that ¢, =w, and ¢, = w;. In this case, if there is a fair
draft lottery with wage structure (w,, wg), then the utility of a represen-
tative citizen will be

Um, wy, we) =T, (W) +(1—=T)up(wp). (1.4)

We define the optimal wage structure to be the feasibie wage structure
that maximizes the expected utility of a representative citizen if the army
is chosen by a fair lottery. The optimal wage structure (w}, wi) therefore
maximizes equation (1.4) subject to the constraint (1.2). Simple calculus
informs us that there is a unique solution for (w3}, wi) and that, at this
solution,

uy(wp)=up(wg). (1.5)

For any wage w paid to farmers, let us define c(w) to be the compen-
sating wage differential that would have to be paid to induce people to be
soldiers when farmers are paid w. Since preferences are continuous and
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none, then everyone would want to be a farmer. It then follows from
continuity and monotonicity of preferences that there will be a unique
feasible wage structure (w,, W) that is consistent with a volunteer army
The wage structure (W,, W) satisfies equation (1.2) and

Wy=Wp+c(Wg) (1.7)
so that

The utility level achieved by all citizens if there is a volunteer army would
also be attained with a fair draft lottery in which the wage structure

is ( 4> WE). This allows us to make the following simple, but useful,
observation.

Proposition 1.1. If all citizens have identical preferences and if there are
no private lotteries or insurance markets, then the expected utility of the
representative citizen will be at least as high with a fair lottery, given the
optimal wage structure, as it would be with a volunteer army.

In fact, except for a very special class of preferences, it will be the case
that a fair lottery with an optimal wage structure dominates the volunteer
army. The volunteer army wage structure equalizes fofal utilities u,(W,)
and up(Wz), whereas, as we have shown, the optimal equalitarian wage
structure equalizes marginal utilities u/(wj) and up(wg). Only in the
special case that the former condition implies the latter will the volunteer
army be as good as a fair lottery with the optimal wage structure.

Two easy examples

Example 1.1. Consider a country where all citizens have identical von
Neumann-Morgenstern utility functions such that for all w, u,(w) =
up(w)—oa, where >0, up(w)>0, and ug(w)<0. The optimal wage
structure must satisfy #’(wj) = u’(wg), which in this instance implies
that wi = wf. Then u,(w*) = up(w*) —a <ug(w*). Therefore, the optimal
wage structure pays soldiers and farmers the same wage rate and leaves
those who are chosen for the army worse off than those who are not.

"

nxample 1.2. buppose that all citizens have von Neumann rgenstern

utility functions such that for all w, u,(w)=u(w—a), where, as befor
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a >0, up(w) >0, and up(w) < 0. Then uj(w}) = up(w}) implies that
wj —a = wg and therefore u,(w}) = ux(w}). In this case, the optimal wage
structure makes farmers and soldiers equally well off. Therefore, the op-
timal wage structure is the same as the wage structure for the volunteer
army.

There is a very simple condition that determines whether in a fair draft
lottery with the optimal wage structure farmers will be better off than
soldiers or vice versa. If the compensating differential function c(w) is
increasing in w, then the wage premium for the amenity of being a farmer
rather than a soldier is an increasing function of wealth. It therefore is
natural to make the following definition.

Definition. Farming is a normal good at w if ¢’(w) >0 and an inferior
good at w if ¢’(w) <O.

Proposition 1.2. Let (wj, wg) be the optimal wage structure. With this
wage structure, everyone will prefer being a farmer to being a soldier if
and only if farming is a normal good at wx. With the optimal wage struc-
ture, everyone will prefer being a soldier to being a farmer if and only if
farming is an inferior good at w}.

Proof: Differentiating both sides of the identity (1.6), one has

2’ (1)) Y ETTA (1 Q)
LAY \WVjj=up\vwj. \1.7)

Therefore u)(wg+ c(wg)) < up(wg) if and only if ¢’(wf) > 0. Since
u,(w}y) =ur(wg) and since by assumption u/(-) is monotone decreasing,
it must be that wi <wg+c(wg) if and only if ¢’(wg) > 0. But

* *
17 (uy + C(\n

iy
and u,(-) is monotone increasing in w. Therefore, u,(w}) < ug(w}) if
and only if ¢’(wg) > 0. This proves the first assertion of Proposition 1.1.
The second assertion is established by a similar argument. n

Notice that, by our definition, the condition that determines whether
farming is a normal good is a condition on the sign of the derivative of
c(w) and not on the sign of c¢(w) itself. For example, if c(w) were always
negative and c¢’(w) always positive, then it would be the case that at equal
wages the army would be preferred to the farm, but with the optimal
wage structure, farming would be preferred to the army.
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B A draft lottery with private draft insurance

Suppose that the country selects its army by a fair draft lottery but chooses
a feasible wage structure (w,, wy) different from (w3, wg). Then there is
a reason for private markets in “draft insurance” to develop. A citizen
who can buy actuarially fair insurance can afford to consume contingent
consumptions ¢, if drafted and c if not so long as

Tt (1-T)ep=aTWy+(1=T)wp=Ww. (1.10)

Since each citizen will choose (c4, cz) to maximize expected utility sub-
ject to equation (1.10), the problem solved is precisely the same as the
problem we solved to find the optimal wage structure (wy, wz). There-
fore we can assert the following.

Proposition 1.3. If the army is selected by a fair draft lottery with any
feasible wage structure and if there are actuarially fair draft insurance
markets, citizens will buy insurance so that their contingent consump-
tions are ¢, = wj and cp = w} where (wj, wg) is the wage structure of the
best fair lottery.

From Proposition 1.3 we see that if the army is chosen by a fair lot-
tery, then even if the government sets the “wrong” wage structure, private
insurance contracts can “correct the mistake” so that after insurance con-
tracts are settled, the contingent consumptions of farmers and soldiers
are the same as the wages corresponding to the best fair draft lottery.

C Is a draft lottery needed when fair financial lotteries are

In an earlier draft of this chapter, it was argued that if all citizens had the
- same tastes and abilities, Propositions 1.1-1.3 would constitute a strong
case for selecting an army by a draft lottery rather than having a volun-
teer army. Of course, in a world where preferences and abilities differ,
there will be more reasons to use markets that sort people according to
taste and comparative advantage.

Professor Oliver Hart suggested in private correspondence that this
view is misleading because even with a volunteer army, it would be pos-
sible for private lotteries to achieve a Pareto-optimal allocation. It should
be no surprise that efficiency could be achieved if there were private lot-
teries for ordinary goods as well as lotteries in which the “prizes” were
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obligations to join the army. But Professor Hart’s claim is stronger. He
argued that if the government offers the utility-equalizing wages (W,, Wg),

then the availability of nr'fnnrml]v fair lotteries with nrizec nf ardinarv

;;;;;;;;; YR vazie y Qv vl il AQAL FULLVAAWD VValal piallo Ul Vil y

goods is all that is necessary to enable individuals to achieve the utility
level of a fair lottery with the optimum wage structure. [A recent article
by Marshall (1984) advances a similar idea.] This turns out to be essen-

tially correct and, at least to me, quite surprising.

Suppose that there is a volunteer army with the wage structure (W, Wy )
and let (w3, wz) be the optimal wage structure defined in the previous sec-

tlon Consider a lottery in which w1th probability 7 the prize is w;—Ww, and

2 3t fall
sy IL FUI

FWi—W,) +(1—7) (Wh—We) =0. (1.11)

Therefore, this lottery is actuarially fair.
Now suppose the citizen participates in this lottery and adopts the
following strategy: If the prize is w;—w,, then he joins the army, and

. C .
if the prize is wg— W, then he farms. With this strategy, the ¢

have a probability 7 of being in the army and consuming W, + (w; — ) =
wi and a probability of 1-7 of being on the farm and consuming
W+ (Wg— W) = wg. But this is precisely what the prospects would be if

. .
ro woara a fair dAraft lattery with the antimal wagoe ctrietnire Furthar
e WCIC a iair arait 10tifry wiiin e Upuuxcu wage stiuliulc,. ful 1

more, if all citizens choose this strategy, then the fraction 7 of the popu-
lation will receive prizes that induce them to choose the army. This obser-
vation can be phrased as follows:

Proposition 1.4. If consumers have access to actuarially fair lotteries and
if the wage structure fully compensates for the utility difference between
being a farmer and being a soldier, then it is possible for consumers to rep-
licate the prospects they would have with a fair draft lottery and the op-

timal wage structure by the device of making purely financial bets and con-

ditioning their occupational choice on the outcome of the financial bets.

A skeptical reader may wonder whether the strategy that we have pro-
N i

posed for replicating the optimal wage structure by private

self-enforcing in the sense that those who “lose” the lottery (i.e., win the
negative prize wj—w,) will want to choose the army rather than the farm
in the event that they lose the lottery. Similarly one may ask whether
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“winners” will choose the farm after they have learned the outcome of
the lottery. To show that those who lose in the lottery will choose the
army, we need to show that

10 (1 S — ) = e L f —w ) (1 19N
U W T Wy =Wy j) S U\ W T W= Wy)). \L.i4j

From convexity of the function uz(-) and equation (1.11), it follows that

TU (Vo L lw* 1 W (1l 7Y, (0 Ll — 10 VN<2s (10 ) {1 1)

F\'VF [] \VVA VVA”T\‘ l‘luF\'VFT\"'F VVF}’-:“F\VVF}- \1|1J’
But, according to Proposition 1.1,

T (wHhi+ 1 —AYu (W =u (W) (1 14)

VI-A\'VA, 1 \L l‘}uF\'VF’—V‘F\'VFI‘ \‘ll’-r}

Subtracting inequality (1.13) from (1.14) and simplifying terms, we have
inequality (1.12). An exactly parallel proof establishes that

AW _+{w v N>y (W 4+ (w
FATWE T\ 14 ) \ T\7

-
=>
S
S’
—~
ot
[—y
h
p—

so that winners will always choose to farm.

The fact that the proposed strategy is self-enforcing is important be-
cause if this were not the case, then in order to achieve the utility level
associated with this strategy, citizens would have to precommit them-
selves by means of some contract that forced them to join the army if
they lost in the lottery. This would be contrary to the spirit of our discus-
sion, since we sought a solution in which the only bets that citizens made
were bets with financial prizes. As it turns out, although losers in the
lottery may complain about their “bad luck” and may wish they had not
bet, there is no better option for them, given that they have lost, than to
“make up some of their losses” by joining the army.

But this is not quite the end of the story. We have shown that given the
wage structure (Ww,, W), there is a strategy whereby citizens can achieve
the expected utility generated by an optimal wage structure. We have not
shown that this is the expected utility-maximizing strategy for citizens
who have access to actuarially fair financial lotteries. In fact, this is in
general not the case. With the wage structure (W,, W), citizens who are
able to make any actuariaily fair financial bets and to condition their
choice of occupation on the outcome of the financial bet will not choose
strategies that send them to the army with probability 7. Therefore, if
citizens have access to all such bets, the wage structure (W4, wz) will not
be an “equilibrium” because it will nof attract an army of expected size 7.
Generally, however, there will exist some wage structure such that citi-
zens using optimal strategies will join the army with probability 7. We
pursue this matter in the next section.
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D Probabilistic recruitment equilibrium with private lotteries

Suppose that the wage structure is (w,, wz) and that citizens can partici-
pate in any actuarially fair financial lottery. A citizen is able to choose an
occupation after having determined the outcome of the financial bet.

Since we assume that the functions #,(-) and u.(-) are concave, a ci

will not be interested in “pure gambles” where his occupational choice is
independent of the outcome of the lottery. Therefore, the only lotteries
of interest are those in which his winnings take on two possible values,

where one outcome induces the citizen to ioin the armyv and the other

vax\.-xv Wile VULWULILY Ll UubvyD VLW ViblLwil bW JURAL BiIw A1 132y QAL LLIw ULliLg

induces him to stay on the farm. He can choose any lottery with proba-
bility 7 of winning the prize x, and probability 1 -7 of winning prize x
so long as x4+ (1—m)xz=0. If he chooses to join the army whenever

the nrizeicy and ta farm w enever

< then with n r anhahility -
LT PLILT 15 A 4 QLlU LU 1Al WICKICY 3

AF‘, tncn wi l.u vuvauillity 4

the citizen will be in the army and have consumption ¢, = w,+x , and with
probability 1—7 he will be on the farm with consumption ¢y = we+xp.
An equlvalent way to say this is that he can choose any probability = and

ns ¢, and ¢ su

g

e can now define an equilibrium wage structure for the model of this

Definition: Where citizens have identical preferences, a wage structure
(W,, Wg) is a probabilistic recruitment equilibrium if all citizens choose

- .
= 7 when they are allowed to choose =, ¢4, and ¢, to maximize ex-

pected utility subject to

3
2>
+

arially fair financial bets and joins the army with probability . Thus

V(w, wy, wg) is the maximum of expected utility function (1.3) subject to
the constraint that ¢, and ¢- satisfv the budeet eguation (l'lﬁ\ If the

LAV WULIOUE QRILL tli@l L g QU L ORIo1 ) B D UMBVL Vijulitivial AR Lllw

wage structure is (w,, wy) and actuarially fair lotteries are available, ex-
pected utility is maximized by the following strategy. Choose = to max-

imize V(7r w,, wg). For this value of 7, choose ¢, and ¢, to maximize the
ad vtilitv cuathisct ta (1 16 Malke a hat that with nraohahility -~ navc

Xp Wl uLlllLJ DuUJ\d\JL [V} \L IU, AVAGDW @4 UWwL LidlL Yrivil ylvuuulxxl.] i }l“]\)

Cqu—Wy and with probability 1 — = pays ¢ —wg. In case of the first out-
come, join the army. In case of the second outcome, stay on the farm.
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'l cdl1 YN and /1 71) that in tha mracanca ~f Ants
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arially fair lotteries, the wage structure (w,, W) will secure a volunteer
army of size ¥ when
f’(W)(WA——WF)=a. (1.22)

specialize the example
. Then equation (1.22)
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Wy—Wp = Wa, (1.23)
and from (1.21) and (1.23) it follows that
We=(l-om)® and w,=(1+a—aT)w. (1.24)

In this example it is straightforward to compare the two wage structures
(W4, Wp) and (W, Wp). With a bit of calculation we can show that when

f(c)=lIng,

1 1
1 1

Wg=———————"w and W= ——"""we". 1.25

P14 7(e*-1) AT 1+R(e"-1) (-2

Direct computation shows that w, >w, if o =5 and 7 = 0.1 whereas w, <
w, if a=1and ¥ =0.5. Therefore, we see that, depending on the size of

the parameters « and &, W, can be either larger or smaller than w,.

2 Marching to different drums

When people’s tastes and abilities differ, it is important that an alloca-
tion mechanism selects people for occupations according to principles of
comparative advantage. A volunteer army is better able to do this than a
draft lottery. But if private lotteries in consumption goods are available,
it is typically the case in equilibrium that some citizens will choose to
make a gamble in consumption goods and determine their occupation by
the outcome of the gamble. In this section, we extend the definition of a

mrahalailictin ranssiiié
})l LVudulliniiv 1Cel Uit

a nf ahatar nnnnnn- rv [ a¥at el

‘ rirrm tha nacg
11Ukl LU Lll\' Laov Ul a liviviuvgiliivuu PUP-

sk &

wages,

2222 Vg3

If there are heterogeneous citizens and no private lotteries, then a vol-
nteer army wage structure (w4, W) would have the property that there

are A citizens i/ for whom u; (W,) = u;(Wy) and N— A for whom u; (W) =
u;(w,). Since preferences differ, it will be true that in equilibrium some
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of the citizens who choose the army will strictly prefer the army at equi-
librium wages and some of the citizens who choose to farm will strictly
prefer the farm.

Suppose now that actuarially fair lotteries in private goods are avail-
able to all consumers. Much as we did in the case of identical consumers,
let us define for each / an indirect utility function:

Vi(r',wy, we)= max w'u,(ch)+1—7")up(cp)
LAN N (2.1)
subject to w'ci+(1—7')cp=m'w+(1—7")wg.

If the wage structure is (w4, wg), then V,-(7ri , Wy, Wg) 1s the highest utility
level that i can attain by the following type of strategy: Make an actu-
arially fair bet where with probability «' the prize is ¢;~w, and with
probability 1 — =’ the prize is cf;— W, and then choose to join the army if
you get the former prize and to farm if you get the latter.

A consumer with access to actuarially fair lotteries when the wage
structure is (w,, wy) will maximize his expected utility by choosing 7' be-
tween 0 and 1 so as to maximize V,(x', w,, wg). It turns out that under
reasonable assumptions, this maximum is unique.

- Proposition 2.1. If the functions u /’i(-) and u,';( +) are twice differentiable
and strictly concave and if farming is a normal good, then for any wage
structure (w,, wg) there is one and only one value of 7' that maximizes
I/i(vri,wA,wF). '

Proof: The existence of at least one maximizing x' is immediate from
standard arguments of continuity and boundedness. Taking derivatives
and applying the envelope theorem, we find that Bzif}(wi s Was W)/ r'?<0
whenever 6I/i(1ri, wA,wF)/Bwi=0. It is then straightforward from the
Kuhn-Tucker conditions that there can be only one value of 7' in the
interval [0, 1] that maximizes I/,-('zr", Wy, WE). ]

We are therefore entitled to define a probabilistic supply function as
follows.

Definition. Consumer #’s probabilistic supply function for serving in the
army is ='(w,, wz) where ='(w,, wg) is the value of 7' that maximizes
V;(r',w,, wg) on the interval from 0 to 1.

An a'llocation will be fully described by a specification of the proba-
bility =’ that each / will be in the army and the contingent consumptions
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c; and cj. that he will consume if he is in the army and if he farms. We
define a probabilistic recruitment equilibrium wage structure as one that

attracte an armv of the richt exnected cize and that makeac exnerted tntal
QLLLAVLD QiX Qlill)y Vi LIV L1510 VARPVRLVW UiLb Qi LIGL 1UAnv) vapvLivui tulal

wages equal to total wealth and a probabilistic recruitment equilibrium
allocation as an allocation induced by such a wage structure.

Nefinition waoe ctricture (W, w Y ic a nrohahilictie resrnitment ermilile
ASWERRRATANSARS L XA VYTUSV UL UWLUL W \VVA’ ry J A G PIUURWLLIIONIV 1 viwl ULLLLINVELL \o\.iuu.lu
=~ —\m = . N g =\
rium wage structure if #w, +(1-7)Wp=wand if 1/N X/, 7' (Wy, Wp) =
= An allacation (7! AL A1y 7 =1 AN 1c a nrnhahilictiec recrnitment
sy 4Rl CRAIVWGILIVIL \ n [ UA’ UF’ * * Ag een 3 4 ¥y 1 }Jl UM ULIIOLLIV Ll vl Wil
equilibrium allocation if #' = «'(W,, Wwr) and if &, and ¢, maximize
#Fulte Y+ (1=7#Yultel) subiect to #lcl + (1=l < #'w + (1= 7)\w
" \\«A} T \2 " }wF\\,F} RUVvwl LWV R DA T\ 1 ’\aF—— " VVA [ 3 #H }'VF;

Proposition 2.2. If all consumers have twice differentiable concave ex-
pected utility functions, if farming is a normal good, and if no one would
choose an occupatxon with zero wages if all the bread were pald to the

Athar Anc1Inng
ULll\/l vevupa

N — . —

3 = i, Z=T¥A Y, 2.2
=N T

Our assumptions imply that ®&(w,) is a continuous function and that
®(0)=0and &(w/7) =1. From the intermediate value theorem, it follows

that as w, is varied continuously from 0 to w/7, ®(w,) takes on all inter-
mediate values between 0 and 1 and in particular for some w, e [0, w/7],
®(w,) = 7. It is straightforward to verify that (w,, W) is a probabilistic
recruitment equilibrium wage where W= (w—7Ww,)/(1—7). |

If each individual / joins the army with probability =’ (w4, wg), then
the expected proportion of the population to join the army will be
I/NSN 7w/ (wy, wg). If the country is large and the lotteries are inde-
pendent, then with very high probability, the proportion of the popu-

latinn inining tha armv will ha vary rlace tn the avnerntad nranartinn
110N JoIINE i army wia OC VEIY CGi0SC 10 UL CXPCLICG Proporiilil.

Likewise, the expected consumption per capita will be very close to
1/NZ?_ [wch+(1—m)ck]. It is therefore reasonable to define a feasible
allocation in the following way. [Remark: Although the mdependent lot-

teries would not talae An avartly their evynected valieg
Lvl IO Uidd iUl tanyv vil vauwvily l.u.\ul A v g [CF S O AT

with very high probability come very close in per capita terms, the cost
per citizen of insuring this residual risk would be very small and can
safely be ignored.]
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Definition. An allocation (', ¢}, ct), i=1,..., N, is feasible for a coun-
try that requires the fraction 7 of its population to be in the army and
that has a per capita endowment of bread equal to wif 37_, 7' = N7 and
I/NYT_, [7rcA +(1 —‘R')CF] <w.

Definition. An allocation is Pareto optimal if it is feasible and if there is
no other feasible allocation that gives all citizens at least as high an ex-
pected utility and at least one citizen a higher expected utility.

Proposition 2.3. A probabilistic recruitment equilibrium allocation is Pa-
reto optimal.

Proof: Let (W,, Wr) be a probabilistic recruitment equilibrium wage struc-

ture and let the corresponding equilibrium allocation be ( 7' cj", c};), i=

N Then I, #' = N7, and for each i,

A

AN

.—

i iyxi i i
s A-l-(l—','r Ypsaw,+(1—7)w

Summing these inequalities and dividing by N, we have
/NS [n'&+(1—n)e] s T +(1—T) W< W. (2.3)

Therefore the allocation (#/, 6A, c}), i=1,...,N, is feasible,.

Suppose that some allocation (7', cfl, c}), i=1,...,N, is Pareto supe-
rior to (&', EA,CF), i=1,..,N. Since by construction V('Fr' Wy, Wg) =
V,(x', W,, W), it must be that ='c, + (1—7')cf = 7 wA+(1 «')Wy. for all i
with strict inequality for some /. Therefore I/NIN  [7'ch+1=7")cf] >
T wA+(1—1r )Wg. But this means that the allocation (ri,cg,c}), i=

1,..., N, is not feasible. This proves the theorem. |
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Two examples of prob
heterogeneous tastes

Example 2.1. Here we let utility take the same special functional form as
in Example 1.3, but we allow for differences in tastes. In particular, we
assume that for each i, uf(cg) =In ¢ and u)y(c,) =Inc,—1/T;. The para-
meter 7, can be interpreted as citizen #’s tolerance for the army. Just as

in Example 1.3, a consumer with this utility function who can make actu-
arially fair bets will choose ¢4 =cg. Then

Vig!
VilT

)= llrriv'f/‘-i-l I~ ¢ T
F LA Wa T )WFJ—‘T':- 2.9
;

:5

-
]

-

<=t

’ b



70 Theodore Bergstrom

Let us assume, provisionally, that the value of 7 that maximizes
v (r', W4, W) 1S an interior solution in the open interval (0, 1). Differen-
tiating with respect to =’ and rearranging terms, we find that the first-
order condition for this maximization is equivalent to

ri=T—-—F— 2.5)

o

1¢ feasibility constraint

P,
11
01
Q
3
Pomnd
.l\J
%)
—
o
=
Q.
=
-

we deduce that
Bp= e and =P @.7)
T+7 T+7
From (2.5) and (2.6), it follows that, for each i,

T'=7+T-T. (2.8)

Therefore, our provisional assumption that =’ is an internal solution for
every i is justified if and only if 0 <7+ 7,—T =<1 for all .
The equilibrium contingent consumptions for each i will satisfy
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From equations (2.5) and (2.9), it follows that
Ch=Cr=T (W, — W) (2.10)
Ir I A r’ \ 7
kor this example let us choose parameter values so that in equilibrium
everyone is at an “interior” solution. Specifically, let ¥ =0.25 and Iet the
individual 7;’s be uniformly distributed on the interval {1,1.5]. Then T=
1 A€ annd N =T T 1 £ all et amiiatinn £ 7\ rma mnlarslats ¢lams
1.0 dAllU V=T T li— 4 = 1101 all i. I'1UIlll CYUalluli (4.7}, WC Lallulaltl tilat
w,=15w and w;=0.833w (2.11)
Although the eauilibrium wages of soldiers are higher than the wages
Although the equilibrium wages of so gher than the wages
of farmers, each individual will plan contingent consumptions r;g =c"‘ni

But the bigger the risk one takes of losing the preliminary bet and joinin
the army, the higher will be both of these contingent consumptlons. In
equilibrium, people with higher tolerance will accept a greater probability
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of being in the army. In this example, a citizen with tolerance 7; will enter
a lottery in which with probability 7;—1 he loses the amount w, —Ej, and
joins the army and with probability 2—T; he wins é.—#; and stays on
the farm. In this instance, we find from equation (2.10) that

& =6L=0.666T,. 2.12)

If there were no private lotteries, then the wage structure would have
to be such that the one-fourth of the population with the highest toler-
ance for the army would choose the army. The marginal individual would

be a citizen with tolerance 7; = A . The voluntary equilibrium wage struc-
ture (w,, w-) in the absence of nrlvafp lotteries would be a feasible wage

il 111 L3I0 AUSLIILC AOLCHITS WU U0 asils
"AY VF/

structure that makes such an individual indifferent between the two occu-
pations. It turns out that

w,=1.63w and W,=0.789. (2.13)

Example 2.2. In this example, preferences will be as in Example 2.1, but
we will allow wider variation of the parameter 7, so that in equilibrium
some citizens will choose the army with certainty, some will choose to
farm with certainty, and some will enter a lottery and make their occupa-
tions conditional on the outcome of the lottery. We assume that 7 =0.25
and that the T;’s are uniformly distributed over the interval [1,4].

As in Example 2.1, those citizens who choose 7' in the interior of the
interval [0, 1] must satisfy the first-order conditions [eq. (2.5)]
= T,—- ~—ﬁ-)F—~-
Wp—Wp
There will be critical tolerance levels T* and T, such that in equilibrium
all consumers with 7; = 7™ will choose the army with certainty and all
consumers with 7, <7, will farm with certainty. Then 7* and T, are the
upper and lower boundaries of the range of 7;’s for which the right side
of equation (2.5) takes values between 0 and 1. From equation (2.5), we

see that

-~
A4

1=T*——+— and T,=T*-1. (2.14)
Wy—Wg

The fraction $(4—T*) of the population that has 7;=T™* will join the
army with certainty. The remaining recruits for the army will come from
citizens that have 7, < 7, < T* and whose gambling outcomes result in
their joining the army. From equation (2.5), it follows that the expected
fraction of the total population that comes from this group to join the
army will be
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1 7 W 1 ry
—S < - )dT:— *—0.5— —Ff (2.15)
3 Jr+-i Wy—Wg 3 Wy—Wg
In equilibrium, the expected fraction of the total population to join
the army must be 7. Adding the fraction (4 —T7*) of the population that

will join the army with certainty to the expression (2.15), we find that in
equilibrium

-~

1
1‘r=-3-(T*—0.5— ida +4—T*>. 2.16)

Wa—Wg
Using equations (2.14) and (2.16) and substituting in 7 =0.25, one can
show that

~

_E_ 275, 2.17)
Wyg—Wp

T*=3.75 and

Finally, from (2.17) and the constraint 7w + (1 —7)W;=w, it follows
that

W,=125% and W,=0.9175%. (2.18)

In this example, all citizens with 7, =3.75 will join the army with cer-
tainty and consume w, =1.25W. Citizens with 7, <2.75 will be certain to
stay out of the army and will consume W, =0.9175w. A citizen with tol-
erance level 7, in the interval [2.75,3.75] will enter a lottery in which
with probability T,—2.75 he loses w,—¢&} and with probability 3.75—T,
he wins E}}—WF. If he loses the lottery, he joins the army; if he wins, he
farms. In either case, his consumption will be equal to 37;w.

3 Toward a general theory of occupational choice

Much of what we have said about soldiers and farmers applies as well
to garbagemen and bank clerks or to certified public accountants and
college professors. The theory generalizes cleanly to the case of many
occupational alternatives and to a technology where total output depends
in a neoclassical way on the numbers of persons engaged in each occupa-
tion. Although the model can be extended without much complication
to the level of generality of the Arrow-Debreu model of general equilib-
rium, to simplify exposition and to emphasize the novel features of our
treatment, we will draw our model more starkly.

Let there be N laborers and M occupations where N is “large” rela-
tive to M. Each laborer must select exactly one of these occupations.
A single consumption good is produced. Total output is determined by
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a differentiable, concave, linear homogeneous production function,
F(Nl,. . NM), whereN is the number of laborers who elect occupation

Morgenstern utlhty function of the form
» . M * . .
Ur', ¢y = X mju;(c)), G.1
i=1

where 7/ is the probability that his occupation will be j and c; is his con-
sumption contingent on the occupation being j.

Let the consumption good be the numéraire and let w; denote the wage
ate of upduon_/ If laborers have access to all actuari uy fair lotteries
in consumptlon goods, then laborer i could obtain any vector of contin-
gent commodities ¢’ = (c{ , ...,c,"w) and probability distribution of occu-
pations 7' = ( 7r{, veey 7{,{,,) that satisfies the condition

-

MmoooM
Y wicl= 3 ©lw;. (3.2)
Jj=1 Jj=1

The way that a laborer can obtain this combination is to participate ina
lottery in which for each j there is a probability 7r} of winning c; ~—wj
From equation (3. 2), we see that this lottery is actuarially fair. If the prize
turns out to be c , then he selects occupation j. The net result of
this strategy is that for each J the laborer has the probability =; ! of select-
ing occupation J, and his consumption when he collects the wage for
that occupation and adds it to his net winnings or losses in the lottery is
wi+(c]—w;) =c].

With the wage structure w = (wy, ... wM), the highest expected ut111ty

111

=

that laborer / can achieve by a strategy of this type with probability dis
tribution 7' is

. . . M . . M .
Vi(r', w)=mpax U(r',c') subject to ,2—:1 TiC; < igl W, (3.3)

At wage structure w, the laborer will choose 7' to maximize V,(-,w). If
=’ maximizes V;(-, w) and V(7r w)= E =17 u(c '), then the strategy in
which he enters a lottery that gives him for each occupation j a proba-
Dluty 7r of w1nn1ng i -—WJ is scu—cmorcmg in the sense that if the ‘prize
turns out to be ¢;—w; he can do no better than to select occupation j.
Suppose he could do better, either by choosing an alternative occupation
with certainty or by entering a second actuarially fair lottery and then
choosing an occupation. Then the probability distribution x'' of occu-
pational outcomes and the vector of contingent consumptions ¢’’ that
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would obtam arter tne second stage in the lottery would still satisfy the in-
W;. Therefore, since 7' maximizes V(-, w),

it fohows tnat ('./(7:-", c‘) > D(7r"", c’h).

In general, there might be more than one choice of 7' that solves the
maximization problem (3.3). For each i, let us define the correspondence
iI'(w) from the nonnegative orthant of R to the subsets of the M-sim-
plex S™ such that

II'(w) = (v'e€ SM | ' maximizes V,(x', w)}.

We define the correspondence ¥(w) =, IT'(w). A point (Nyy ...y Nyy)
in ¥(w) is a distribution of expected numbers of laborers supplied to
each occupation at the wage structure w.

Definition. An equilibrium wage structure with lotteries is a vector of
wages w*=(w},..., wy,) such that for some N*=(N},...,N},) € ¥(w*)
and for all j=1,..., M,

w!=0F(N*)/dN;. (3.4
[P, By RPN PEG | PR (. Vmddmealne 2o memn a1l amal ) ./
An equilibrium allocation with lotteries is an allocation (¢*, 7*'), i=
RIT LY RS SN el *Y am M o L L
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theorem, we must establlsh that th ge sets <1>( C set
for all (N,w) in AXB. The followmg result is needed o prove that this
is the case.

Proposition 3.1. If the expected utility function U,(w’, c¢’) is concave in
¢’ for fixed 7', then the function V.(x',w) is a concave function of ='.

Proof: Consider the probability distributions = and =’ in the simplex
SM and let
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75
and
M .
Viim',wy='3 7ul(c’h)
2 3.6)
where
M M
"
§ = E Wi (37
= j=l \J- 1)
and
M M
Yricl=3 xw. |
A= 2w, (3.8)
For \ between 0 and 1, the probability vector
T(N) = (m;(N), ..., Ty (M) =N+ (1=\)7’ 3.9
1 i imn av M o nrove that V¢ y 3
18 a.-ls, in the simplex $™. To prove that Vi(m, w) 1s a concave function of
T, 1t suffices to show that Vi(m(N), w) = \V,(m, w)+(1—=N\)V;(n’,w) for

all Ae[0,1].
Multiplying equations (3.7) and (3.8) by A and 1—), respectively, and

adding. we obtain
S5 > UJiQai

M , M
! Ariy -

2 mcj+(1-N7ief 1= 3 m (0w, (3.10)

i= j=1
For each occupation, j=1, »M, and for Ae[0, 1], let us define

0j=)\7rj/7rj()\). (3.11)
Then

1=9j=(1=)\)7’/7j()\}. (3.12)
Equation (3.10) can be rewritten as

M _ _ M

i 11
3 j=

It follows from the definition of V;(w, w) that
M : : H
Viir(N),w)= Y, wj()\)uj(ejcj‘-+(l—9j)cjf‘). (3.14)
Jj=1

But, by assumption, the functions uj":(-) are concave functions. There-
fore, equation (3.14) implies
M o i
Vir(N), w) = 3 m;(N)18;u(c;) +(1=0,) uj(c)]. (3.15)

j:
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Using equations (3.11) and (3.12), we see that (3.15) is equivalent to

M o M S
Vi(w(N),w)=\ '21 mui(c;)+(1=N) _21 miu(c)'). (3.16)
j= i=
Recalling equations (3.1) and (3.2), we see that (3.16) is equivalent to
Vi(r(N), w) =NV (m, w)+(1-=N) V(z’, w). 3.17)
Therefore, V;(w, w) is concave in 7. |

With the help of Proposition 3.1, we can prove that & has all of the
properties needed to apply the Kakutani theorem.

Lemma 3.1. If the expected utility function U(x', ¢') is continuous and
concave in ¢’ for fixed =, then for each i, the correspondence ®(N, w) is
an upper semicontinuous correspondence from the closed bounded con-
vex set A X B, and the image sets ® (NN, w) are convex subsets of A x B for
all (N,w) in AXB.

Proof: 1t is easily verified that & maps the convex set A X B into its sub-
sets. According to well-known arguments, continuity of preferences and
production functions imply that this correspondence is upper semicon-
tinuous. From Proposition 3.1, it follows directly that the image sets of
IT'(w) are convex sets for all we A. Therefore, V(w)= ,N=1 H’(w) has
convex image sets. The function VF(N) is single valued and hence (trivi-
ally) has convex image sets. Therefore, ®(N, w)=(¥(w), VF(N)) must

have convex image sets for all (N, w)e A x B. |
Now we can prove the existence of equilibrium.

Proposition 3.2. For the model of this section, there exists an equilibrium
wage structure with lotteries.

Proof: According to Lemma 3.1, the correspondence & satisfies the con-
ditions of the Kakutani fixed point theorem. Therefore, there must exist
N*e A and w*e B such that N*e ¥(w*) and w*=VF(N). |

If equilibrium occurs with large numbers of laborers in each occupa-
tion and if the lotteries in which individuals participate are independent,
thén the proportion of the labor force that selects each occupation will be
very close to its expected value. Since the production function has constant
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returns to scale, per capita output and the marginal products of all fac-
tors will be very close to their expected values. It is therefore reasonable
to approximate this stochastic economy by a certainty equivalent economy
in which feasibility means equality of expected total consumption and
aggregate output. (See Remark following Proposition 2.2.)

Definition. A fea51ble allocation consists of contingent consumptions c
and probabilities w; for all laborers i =1,...,N and occupations j =
1,..., M such that

N M
N\ 3\ i1
2 X mci=F(N, ..., Ny), (3.18)
i=1j=1
3 A — 5N i
When feasibility is defined in this way, an equilibrium wage structure
generates a Pareto-optimal allocation

. 5 M 30 Fanoilala T A
Proof: We first observe that an equilibrium allocation is feasible. Let
*i i ;. ke ; Th Far aanh la
(z*,¢*"), i=1,...,N, be an equilibrium allocation. Then for each la-
borer i,
M M
*i %kl *! *
Y r¥er<s Y a¥wk (3.19)
- J J - J J
J=1 J=

Summing equation (3.19) over all i, one has

ZEvrc_.ENw (3.20)
i=1j=1 /
where N;=37 | 7rJ' But w*=VF(N*). Since F(N) is assumed to be ho-
mogeneous of degree 1, it follows from Euler’s theorem on homogeneous
functions that

M
ENW* F(N*). (3.21)
j=1

Therefore,

N M
Y ¥ wc/<F(N*), (3.22)
i=1j=1

“~
Il
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i=1,...,N, be an aiiocation that is Pareto superior to

Let (7', c"),
s wl _win a4 i
(r*,e*), i=1,...,N. Since V(7*',w*) = Vi(m;, w*), it must be that if
ry s I3 A I's
G )>Ul( ,c ), then
M
ANl ! ._l.‘ <« I. -
'_,:,] TiCi> W (3.23)
i=
Q;nnn nrafoaransrac nra acotivma A e L oaat_aTl —
SLILC PICICTCIICES 4T€ aSSumed 1o oe Siriciiy 1 onommc m consumptlon
it alen FallAawe fram o Familior aroiimmamd st 20 77 7
it alsU TONOWS 1101 4 Tamuiar argument tnat it U;(w’, ¢! )=U, (7:' ,C* ),
than
Liiv il
IAV{ N .
S 7! Y orlw* (2 24)
- J J J \J.l4)
j=1
Summing the inequalities (3.23) and (3.24) over all i, we find that
N M
[N
D ™ > E Nw = F(N). (3.29)
i=1j=1 Jj=1
Therefo;e, the allocation (=’,c"), i=1,..., N, is not feasible. It follows
that (x*',c*'), i=1,..., N, is Pareto optimal. [ |
a4 Cnn}gﬁer}ts on r%lofnrl litaratiiva
b 4 WUELKIREIG A ALLU jItvialtuivc

Debreu’s (1959) discussion of consumers in general equilibrium suggests a
way in which occupational choice can be incorporated into a general equi-
librium model. He treats a consumption plan as a vector the components
of which are consumer inputs (with positive signs) and outputs (with nega-
tive signs) where “Typically, the inputs of a consumption are various goods
and services (related to food, clothing, housing. . .dated and located);
its only outputs are the various kinds of labor performed (dated and lo-
cated)” (p. 59).

Similarly, Arrow and Hahn (1971) treat labor offered by an individual
in different occupations as different commodities. To preserve monoton-
icity of preferences, they use the convention of treating “time spent not
doing work of type x” rather than “time spent doing work of type x” as
the commodities, but this is a difference of notation and not of substance.

“Thus, if the individual is capable of teaching for 12 hours a day and
also capable of driving a bus for 12 hours a day and if, in fact, he teaches
for eight hours a day and does not drive a bus at all, then his demand
for ‘teaching leisure’ is four hours and that for ‘bus-driving leisure’ is 12
hours” (p. 75).

This modeling strategy is powerful and allows for a natural way of
treating most of the issues likely to arise in matters of occupational choice
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and the allocation of time. But it does introduce a difficulty, both in the
interpretation of the major theorems of general equilibrium analysis and
in standard applications of comparative statics. The difficulty is that in
the model so constructed, it does not seem very reasonable to assume
convex preferences. Convexity would demand that a consumer who is
indifferent between a certain income with 4 hours of teaching leisure and
12 hours of bus-driving leisure and another income with 12 hours of teach-
ing leisure and 4 hours of bus-driving leisure would be at least as well
off with an income haifway between the two incomes and with 8 hours of
each kind of leisure. Not only does this assumption seem unappealing
on casual grounds but it also seems contrary to the evidence offered by
the fact that most people specialize in a single occupation.

Our general model can be thought of as a polar case within the Arrow-
Debreu general structure, where instead of assuming that preferences and
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The idea of allocating by lottery in the presence f md1v131b1lities or

nonconvexities is familiar in game theory where equilibrium in mixed
strategies plays an essentlal le (von Neumann and Morgenstern 1944).
This idea has also received attention in the literature on the economics of
location (see, for example, M rrlees 1972), the theory of clubs (Hillman
and Swan 1983), and the theory of taxation (Stiglitz 1982). Starr (1969)
and Arrow and Hahn (1971) demonstrate that in appropriately large
economies approximate competitive equilibria will exist even if there are
nonconvexities in mdlvxdual preferences. A careful survey of the recent
literature and development of the theme that aggregation smooths can be
found in Trockel (1984). The general development of our model of occu-
pational choice is similar in spirit to this work. The extra ingredient of
our discussion is that we are able to develop an explicit description of the
way in which simple lotteries, with financial prizes only, can be used to
achieve the requisite smoothing of aggregate behavior when individuals

must make discrete choices.
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